We use the Legendre invariant formalism of geometrothermodynamics to investigate the geometric properties of the equilibrium space of a spherically symmetric phantom black hole with electric charge and dilaton. We find that at certain points of the equilibrium space, the thermodynamic curvature is characterized by the presence of singularities that are interpreted as phase transitions.
I. INTRODUCTION
Black hole thermodynamics has been the subject of intensive investigation since its formulation about forty years ago [1] [2] [3] [4] . The reason is that it is considered as an indication of the quantum nature of the black hole interior. Although many attempts have been made to find a statistical formulation of black hole thermodynamics, no definite statistical model is known today [5] . Indeed, this issue is closely related to the quantization of gravity, one of the major problems of modern theoretical physics. In an ordinary system, thermodynamic properties are the macroscopic limit of some microscopic model, usually specified through the partition function. For instance, temperature is interpreted as a measure of the average energy of microscopic constituents, and entropy counts the number of microscopic states. The natural question arises whether the same is true for black holes. The answer to this question might shed some light on the problem of quantum gravity, because the Bekenstein-Hawking entropy for black holes contains the (quantum) Planck constant and the (gravitational) Newton constant. This makes black hole thermodynamics an interesting subject of investigation.
To investigate the thermodynamic properties of black holes, one usually starts from the fundamental equation S = A/4 that relates entropy S with the horizon area A. From a thermodynamic point of view both variables are extensive and, therefore, the fundamental equation should be a homogeneous function of some degree [4] . The first law of black hole thermodynamics permit us to compute all the corresponding intensive variables, and to perform the analysis of the temperature behavior, stability, phase transitions, etc. This approach can be considered physical in the sense that it is based upon the assumption of the validity of the laws of classical thermodynamics.
On the other hand, the properties of a thermodynamic system can also be investigated by using the formalism of thermodynamic geometry which consists in equipping the space of equilibrium states with a Riemannian geometric structure. This idea was first implemented in statistical physics and thermodynamics by Rao [6] , in 1945, by introducing a metric whose components in local coordinates coincide with Fisher's information matrix. Rao's method has been applied and generalized by a number of authors (see, e.g., [7] for a review). Moreover, Riemannian geometry in the space of equilibrium states was introduced by Weinhold [8] and Ruppeiner [9, 10] , who defined metric structures as the Hessian of the internal energy and (negative of) the entropy, respectively. Both metrics have been used intensively to study the geometry of the thermodynamics of ordinary systems and black holes (see, for instance, [11] for a review).
Recently, an alternative mathematical approach called geometrothermodynamics (GTD) was proposed in [12] . It is based upon the assumption that all the geometric objects that enter the formalism should be invariant with respect to Legendre transformations, which in classical thermodynamics corresponds to the well-known fact that the properties of a system do not depend on the choice of thermodynamic potential [16] . GTD uses the geometric properties of the equilibrium space to describe the thermodynamic properties of the corresponding system. For instance, since the equilibrium space is endowed with a Riemannian metric, the Riemann curvature tensor is interpreted as a measure of thermodynamic interaction, and the curvature singularities correspond to phase transitions. GTD has been shown to be true in a large number of black hole configurations [13] . However, in the case of phantom black holes [17, 18] , it seems to lead to contradictions. Indeed, Rodrigues and Oporto recently investigated in the framework of GTD a class of spherically symmetric black holes with phantom charge and dilaton, and found that curvature singularities exist in the equilibrium space which do not correspond to divergencies of the heat capacity, i.e., they cannot be identified as phase transitions [18] . Of course, one could argue that phantom black holes show a pathological behavior due to fact that they are characterized by negative energy densities and, therefore, the formalism of GTD leads to inconsistencies in the case of pathological configurations. Nevertheless, the point is that black hole thermodynamics can handle even such pathological situations and does not lead to inconsistencies, although the thermodynamic behavior is not quite physical. So, in principle, one should demand that GTD should also be able to handle such pathological configurations.
On the other hand, there is also a physical argument in favor of the existence of phantom fields in nature. The recently observed acceleration of our Universe suggests the existence of an exotic fluid with negative pressure that is the source of the repulsive gravitational force necessary to generate acceleration. However, repulsive gravity can also be generated by fields with negative energy density. In fact, observational data [21, 22] suggests that a phantom field could also explain the acceleration of our Universe.
The purpose of the present work is to show that GTD is able to correctly describe the thermodynamics of the phantom dilatonic black holes presented in [18] . In fact, we will show that the curvature of the equilibrium space predicts the existence of three types of phase transitions. The first one corresponds to a divergence of the heat capacity of the black hole. The second one corresponds to the divergence of a particular response function and, therefore, it is corroborated by classical black hole thermodynamics. The third one occurs when the capacity and all the response functions vanish, indicating a drastic change between states with different stability properties. We argue that the appearance of this third type of singularity is due to the exotic nature of the matter that generates the black hole.
This work is organized as follows. In Sec. II, we present the explicit form of the black hole and discuss its fundamental equation and the main thermodynamic properties. Then, in Sec. III, we derive the Legendre invariant metric for the equilibrium space and compute the corresponding thermodynamic curvature to find the phase transition structure of this class of phantom black holes. We show that our results predict phase transitions that can be corroborated by the behavior of the heat capacity and response functions of the black hole, according to classical black hole thermodynamics. In Sec. IV, we discuss our results.
Throughout this paper we use geometric units with G = c = = k B = 1.
II. PHANTOM DILATONIC BLACK HOLES
The Einstein-Maxwell Lagrangian density with a dilaton field can be expressed as (we follow here the notations and conventions of Ref. [18] ; see also [19, 20] )
where R is the scalar curvature, F µν is the Faraday tensor of the electromagnetic field, and ϕ represents the dilaton field. The non-minimal coupling between the electromagnetic and dilatonic fields is represented by the real constant λ. The two parameters η 1 and η 2 can be so chosen that they determine the nature of the corresponding fields. So, η 2 = +1 represents the classical Maxwell field whereas η 2 = −1 indicates that the contribution of the electromagnetic energy to the action is negative, which is the reason why it is called phantom. Moreover, for η 1 = −1 the dilatonic field is phantom and for η 1 = +1 it represents the classical dilaton. The constant λ determines the special theories contained in Eq. (1).
For λ = √ 3, the Lagrangian (1) leads to the Kaluza-Klein field equations obtained from the dimensional reduction of the five-dimensional Einstein vacuum equations. For λ = 1, the Lagrangian coincides with the low energy limit of string theory with vanishing dilaton potential. Finally, in the extreme limit λ = 0 , Eq. (1) reduces to the EinsteinMaxwell theory minimally coupled to the scalar field. The structure of the field equations and some particular classes of solutions have been investigated in [23] .
For the theory following from the action (1) a particular spherically symmetric solution was derived in [24] which is represented by the line element
and by the electric and dilatonic fields
where
The constant γ is defined as
Moreover, the constants r ± are given in terms of the mass M and charge q as
and are subject to the conditions
This is a black solution with an inner horizon located at r = r − and an outer event horizon at r = r + .
The fundamental thermodynamic equation, S = A/4 = (1/4) √ g θθ g φφ dθdφ, can be calculated explicitly by using the line element (2),
Notice that the entropy is given in units of lenght 2 , as expected in geometric units. The entropy must satisfy the first law of black hole thermodynamics [18] 
where T is the temperature and A 0 the electric potential at the horizon. Then, a straightforward computation shows that
Notice that r + and r − are first-degree homogeneous functions of the extensive variables M and q. This implies that the entropy (11) is a second-degree homogeneous function. The mass variable M cannot be found explicitly from Eq. (11) in terms of S and q because that function is not invertible. However, it can be expressed in terms of the horizons radii as
We see that all thermodynamic variables are well-behaved functions of r + and r − . This means that in terms of M and q, the entropy and temperature do not present any peculiar behavior as far as the radii r ± are well-behaved functions of M and q. However, the particular case for which r + = r − leads to the vanishing of the temperature, horizon area and entropy, indicating that the fundamental equation is not well-defined at that point. Moreover, for r + = r − the mass of the black hole could also be negative for certain values of the parameter γ. Hence, we limit ourselves to the investigation of the case
In order for the outer horizon radius to be well-defined we also suppose that r + > 0.
III. GEOMETROTHERMODYNAMIC PHASE TRANSITION STRUCTURE
One if the most important properties of a black hole is its phase transition structure.
Due to the lack of a complete microscopic model, it is still not possible to describe the physical changes that occur during a phase transition. Nevertheless, from a thermodynamic point of view, phase transitions indicate that the equilibrium properties of the system are no longer valid and, instead, we should use a different approach (maybe non-equilibrium thermodynamics) to investigate the physical processes that accompany a phase transition. In the context of GTD, a phase transition should also indicate that the equilibrium description breaks down. We expect therefore that in GTD a phase transition should correspond to a curvature singularity of the equilibrium space. In this section, we will investigate this question in the case of the phantom dilatonic black holes presented in the previous section.
A. The formalism of geometrothermodynamics
Let us recall that one of the objectives of GTD is to construct a formalism that is invariant with respect to Legendre transformations. This is an important condition because classical thermodynamics does not depend on the choice of the thermodynamic potential, and different potentials are related by means of Legendre transformations. A more detailed explanation of Legendre transformations and Legendre invariance is given in Appendix A.
In our first attempt to construct such a formalism [12] , we first noticed that Hessian metrics, which have been used as the basis of thermodynamic geometry, are not Legendre invariant.
This means that the geometric properties of the equilibrium space can change as the thermodynamic potential is changed. Then, we proved that the simplest way to make a Hessian metric Legendre invariant is to "multiply" it by the corresponding thermodynamic potential [12, 25] . In fact, we now know that this is the only way to reach Legendre invariance, if we limit ourselves to total Legendre transformations and impose the additional physical condition that the curvature tensor should vanish if thermodynamic interaction is lacking [26] (see Appendix B). Then, we noticed that it is necessary to choose a pseudo-Euclidean signature of the Legendre invariant metric to correctly describe black hole thermodynamics [27] . This is the situation so far. Now the question is how to "multiply" by a potential the metric of the equilibrium space in a Legendre invariant way. It turns out that to handle Legendre transformations as coordinate transformations in differential geometry, it is necessary to introduce an auxiliary space called phase space.
To be more explicit, let us consider a contact Riemannian manifold (T , Θ, G), where
T is a (2n + 1)−dimensional manifold, Θ is a contact form, i.e., it satisfies the condition Θ ∧ (dΘ) n = 0 and G is a Riemannian metric. If we choose the set Z A = {Φ, E a , I a } with A = 0, 1, ..., 2n and a = 1, ..., n, according to Darboux theorem, the canonical representation of the contact form is Θ = dΦ−δ ab I a dE b , and a Legendre transformation can be represented as the coordinate transformation [28] 
where i ∪ j is any disjoint decomposition of the set of indices {1, ..., n}, and k, l = 1, ..., i.
In particular, for i = ∅ we obtain the identity transformation. Moreover, for i = {1, ..., n},
Eq. (17) defines a total Legendre transformation, i.e.,
We define the thermodynamic phase space as a Legendre invariant contact Riemannian manifold. It is easy to see that the contact form Θ is invariant with respect to Legendre transformations. As for the metric, the situation is more complicated. In fact, the set of Legendre transformations do not form a group and hence it is not possible to use the standard methods of differential geometry to generate the most general Legendre invariant metric. Nevertheless, in the case of total Legendre transformations, it is possible to identify a quite general metric in the form [29, 30] 1
where ξ ab and χ ab are diagonal constant (n×n)-matrices. It turns out that if we choose χ ab = δ ab = diag(1, · · · , 1), the resulting metric G I can be used to investigate systems with at least one first-order phase transition. Alternatively, if we choose χ ab = η ab = diag(−1, · · · , 1), we obtain a metric G II that correctly describes systems with second-order phase transitions.
This is the case of black holes.
In GTD, a thermodynamic system is described by its corresponding equilibrium space E which is defined as follows. Let ϕ : E → T or, in coordinates, ϕ :
b (E a )}, be a smooth embedding map which satisfies the condition ϕ
1 It is still possible to multiply both terms of the metric by Legendre invariant functions (or constants)
, respectively, without affecting the main results.
. This is how the metric of the equilibrium space becomes "multiplied by the potential" in a Legendre invariant way. Indeed, the conformal factor
Here we have used Euler's identity in the following form. If Φ is a homogeneous function of degree β, i.e., Φ(λE
This issue has been discussed in detail in [32] . In any case, we see that the metric of the equilibrium space gets the potential Φ as conformal factor, in accordance to the Legendre invariance requirement.
When written in the form (20) , the thermodynamic metric g II of the equilibrium space does not seem to have any particular physical significance. However, it is possible to use the properties of the phase space generating metric (19) to show the explicit components of g II have a significance in fluctuation theory. This is shown in the Appendix C.
B. Phase transitions
We now consider the particular case of the black hole with fundamental equation S = S(M, q) given in Eq. (11) . Accordingly, the thermodynamic potential is S and E a = {M, q}.
Then, from Eq. (20) we obtain the metric
where we dropped the index II and re-expressed the final results in terms of r ± for simplicity.
Notice that the components of the metric have units of length 2 . A lengthy computation leads to the following curvature scalar
and N(M, q) is a rather complicated function that is always different from zero when D(M, q) = 0. Curvature singularities exist if at least one of the following conditions is
The first singularity implies that the specific mass must be given by
an expression which implies that
We see that, depending on the value of the parameter γ, phase transitions occur for black holes with electric and phantom charges.
For the second singularity condition (25) we obtain two possible solutions
which are real only within the interval γ ∈ (−1, 1/7). On the other hand, for this interval of the parameter γ we know from Eq.(6) that η 1 = 1 and 0 < r − < r + . This implies that only in the case of pure dilatonic fields (η 1 = 1) singularities are possible. In Fig. 1 , we illustrate the behavior of the ratio r + /r − to find out the exact region where singularities are present.
Indeed, since in this case r + /r − > 1, Fig. (1) shows that only for γ ∈ (−1, 0), solutions are allowed. Finally, from the condition (9), one can see that only the case η 2 = 1 is allowed in the interval 0 < r − < r + . We conclude that the second singularity condition cannot be satisfied in the case of phantom black holes (η 1 = η 2 = −1).
Finally, from the third singularity condition (26), we obtain that
Since r + > r − , as stated in Sec. II, the singularity exists only for γ > 1 which, according to Eq.(6), implies that η 1 = −1 and that η 2 = 1, in order for M 2 to be positive. Then, from the condition (9) it follows that λ + = 1 − λ 2 > 0. This means that this singularity is present only in theories with λ 2 < 1 and phantom dilatonic field.
FIG. 1:
The ratio r + /r − as a function of the parameter γ as follows from the singularity condition (25) . Since r − < r + , singularities can exist only the interval γ ∈ (−1, 0).
According to the formalism of GTD, the above singularities correspond to phase transitions of the corresponding black holes. On the other hand, according to classical black hole thermodynamics, the phase transition structure is determined by the behavior of the heat capacity. A more general structure is obtained by considering all the response functions of the system. In the case under consideration, the fundamental equation is given as the homogeneous function S = S(M, q) which, in analogy to ordinary thermodynamics, leads to the following heat capacity and response functions [16] 
where for simplicity we denote as φ the intensive variable dual to the charge q. Using the fundamental equation (11), we obtain (S M = ∂S/∂M, etc.)
and
The identification of the curvature singularities can now be performed as follows. The singularity (24) coincides with a divergence of the heat capacity C q whereas the singularity (25) corresponds to the blow up of the compressibility β T . This implies that the singularities (24) and (25) determine second-order phase transitions.
The third singularity (26), however, is different. In fact, it does not correspond to a divergence of the heat capacity or the response functions; instead, it occurs at the point where all of them vanish. This means that at the singularity r + = γr − , the black hole undergoes a transition from a stable state to an unstable state (or viceversa) which is, moreover, accompanied by a divergence of all second derivatives of the fundamental equation.
In addition, the determinant of the thermodynamic metric (21) diverges and so the geometric description breaks down.
It is interesting to notice that in the limiting case γ = 1, only one singularity is present.
Indeed, a straightforward computation shows that in this case the curvature scalar becomes 
indicating that only the first singularity survives which corresponds to the divergence of the heat capacity C q . Since γ = (1 − η 1 λ 2 )/(1 + η 1 λ 2 ), the limiting case γ = 1 corresponds to λ = 0, i.e., when the dilatonic and electromagnetic fields are minimally coupled in the action (1) . This shows that the presence of a non-minimal coupling in the action drastically affects the thermodynamic properties of black holes.
For the case γ = 1 it is possible to invert the fundamental equation (11) to obtain
which determines the fundamental equation in the mass representation, M = M(S, q), for which a GTD analysis can be performed [18] . Indeed, the GTD approach was formulated in such a way that it can be applied to any representation. However, when performing concrete calculations, it is necessary to consider some details related to a change of a representation.
If a fundamental equation is not invertible, there is only one possible representation and GTD allows us to carry out the complete analysis in that particular representation. If, on the contrary, a fundamental equation is invertible, there are (at least) two representations.
On the phase space T , a change of representation can be interpreted as a conformal transformation [33] . Consequently, for a geometric construction, like GTD, to be invariant with respect to changes of representation, it is necessary to demand conformal invariance. Then, the metric G of L must be conformal and Legendre invariant. These conditions are very restrictive and leave us with practically no useful metrics for T [33] . In particular, the metric G I/II , as given in Eq. (19), is not conformal invariant and can, therefore, lead to inconsistent results when applied to different representations. This explains the inconsistencies found in [18] .
Nevertheless, there is simple solution to this problem, namely, it is always possible to consider a change of representation as a coordinate transformation in E. For concreteness, let us consider the above example with γ = 1 for which the S−representation is determined by the fundamental equation (11) 
which is a well-defined coordinate transformation because its Jacobian is different from zero, J = ∂M/∂S = 0. Obviously, such a coordinate transformation does not affect the geometric properties of the metric g of E and, consequently, the thermodynamic properties of the corresponding system. This issue will be considered in more detail elsewhere [34] .
IV. FINAL REMARKS
In this work, we used the formalism of GTD to analyze the thermodynamic properties of phantom dilatonic black holes. We considered a particular class of spherically symmetric black holes which is characterized by two parameters, namely, mass M and electric charge q. The dilatonic field depends on M and q as well. The corresponding action contains two parameters, η 1 and η 2 , that determine the phantom nature of the electric charge and the dilatonic field. Phantom fields are characterized by negative energy densities at the level of the action.
We used the fundamental equation of this class of phantom black holes to construct a Legendre invariant metric for the corresponding equilibrium space. The investigation of the thermodynamic curvature shows that there are three different types of singularities which correspond to phase transitions. We also analyze the phase transition structure by using the standard methods of classical thermodynamics. We found that two phase transitions predicted by GTD correspond to divergences of the heat capacity and compressibility, indicating that the results of GTD are compatible with classical black hole thermodynamics.
As for the third thermodynamic singularity, we found that it corresponds to a transition of the black hole in which it undergoes a drastic change of its stability properties. This type of transition occurs only in the presence of a phantom charge. Therefore, we interpret this transition as a consequence of the exotic nature of the phantom black hole.
Our results contribute to clarify some inconsistencies found by Rodrigues and Oporto in [18] , when applying the formalism of GTD to the case of exotic black holes with phantom charges. In addition, we found a different type of phase transition related to a change between states with different stability properties. We explain this as a result of the exotic nature of the matter that generates the black hole. Another possible explanation could be that the Ehrenfest scheme, which is used in classical black hole thermodynamics to determine the phase transition structure, needs a generalization for the case of exotic matter.
In the case of certain ordinary laboratory systems, it is already known that the Ehrenfest scheme fails to predict the observed phase transitions (see, for instance, [35] and the references cited therein). Maybe we are now confronted with a similar situation in black hole
thermodynamics. We expect to analyze this task in a future investigation.
Appendix A: Legendre invariance
In GTD, we use the terminology and some concepts which are commonly used in differential geometry and relativistic field theories, but not in thermodynamic geometry. In this appendix, we explain such terms and conceptual issues. We will use the ideas of special relativity as an example, without pretending to be mathematically rigorous. More details can be found in the textbooks [36, 37] .
Consider a 2-dimensional manifold M 2 endowed with the Minkowski metric
Under the action of a Lorentz transformation {t, x} → {t,x} given by
where v is a constant, the line element (A1) transforms into
We say then that the line element (A1) remains invariant under a Lorentz transformation or, equivalently, it is Lorentz invariant or it preserves Lorentz invariance. One can also say that the Minkowski metric is Lorentz invariant. The physical theories that are based upon the Minkowski metric (for instance, special relativity and gauge field theories) are called Lorentz invariant.
The line element (A1) is by definition a scalar, but it does not imply that it is invariant with respect to any arbitrary coordinate transformation. Consider, for instance, the
where α 1 , α 2 and α 3 are constants. Then, the line element (A1) transforms into
which is clearly different from (A1). We then say that the Minkowski metric is not invariant with respect to the transformation (A4). Nevertheless, the fact that a line element is a scalar implies a very important property, namely, that the geometric (and physical) properties of the corresponding manifold do not depend on the choice of coordinates (in general relativity, this property is called covariance). One property which is very important for our purposes is the curvature. It can easily be shown that for the line elements (A1), (A3) and (A5) all the components of the Riemann curvature tensor R abcd vanish identically, i.e., the vanishing of the curvature is a property which does not depend on the choice of coordinates.
We note that from the point of view of pure Riemannian geometry the Lorentz transfor- We will see below that in GTD we impose Legendre invariance as a complementary condition to take into account the properties of classical thermodynamics. In this connection, one can by analogy say that the Legendre transformations are to GTD what the Lorentz transformations are to special relativity.
Consider now the following coordinate transformation {t, x, y} → {t,x,ỹ} with
an let us ask the question: Is the Minkowski line element (A1) invariant with respect to this transformation? It is easy to see that the question is not well posed because the Minkowski line element is 2-dimensional whereas the coordinate transformation (A6) involves three coordinates, i.e., it can be applied in a 3-dimensional manifold only in which the line element must contain an additional term, for instance,
This fact will be relevant below when considering Legendre transformations and Hessian metrics.
We now turn back to thermodynamics. It is well known that the laws of classical equilibrium thermodynamics can be written in different thermodynamic potentials, without affecting the properties of the systems under consideration [16] . This is to say that the properties of a thermodynamic system do not depend on the choice of the thermodynamic potential used to describe it. On the other hand, different thermodynamic potentials are always related by means of Legendre transformations [16] . Using the terminology explained above in this Appendix, we can say that equilibrium thermodynamics is Legendre invariant.
One of the main goals of GTD is to incorporate this property into a geometric description of thermodynamics. To this end, it is necessary to define the Legendre transformations as coordinate transformations. This has been done long ago by Arnold [28] who proved that any Legendre transformation can be represented as
, where the explicit relations between the old and the new coordinates are given in Eq. (17) . Since a Legendre transformation involves 2n + 1 coordinates, it must act on a (2n + 1)−dimensional manifold which is called thermodynamic phase space T . Then, a metric defined on T by means of the line element
is said to be Legendre invariant if the functional dependence of the components G AB does not change under a Legendre transformation. The Legendre invariance condition leads to a set of algebraic equations on the components G AB which for the case n = 2 were given explicitly in [12] . By solving this set of equations, in GTD, we have found so far three classes of Legendre invariant metrics, namely, the two classes mentioned in Eq. (19) ds 2 2n+1
and a third class which is invariant under partial Legendre transformations
where k is an integer. To show the Legendre invariance, for instance, in the case of the metric (A9), it is sufficient to apply the Legendre transformation (17) to each of the metric components. Then, we obtain
which shows clearly that the functional dependence of the metric components does not change, as demanded by Legendre invariance. Thus, we have seen that the phase space T can be considered in GTD as an auxiliary space which is necessary in order to handle correctly Legendre transformations as coordinate transformations. Furthermore, to study the properties of thermodynamic systems in GTD, we consider the n−dimensional equilibrium space E with coordinates {E a } as a subspace of T defined by the embedding map ϕ : E → T such that the pullback ϕ * satisfies the condition ϕ * (dΦ − δ ab I a dE b ) = 0, and induces on E the thermodynamic metric g = ϕ * (G). In the case of G II , the induced metric g II is explicitly
given in Eq. (20) . Accordingly, we say that the metric g of E is Legendre invariant, if it can be obtained from a Legendre invariant metric G of T as g = ϕ * (G).
Consider now the class of Hessian metrics
where H(E a ) is a thermodynamic potential and let us ask the question whether a Hessian metric is Legendre invariant. It is true that this line element is a scalar, but as explained above, it does not imply that it is invariant with respect to arbitrary coordinate transformations. In particular, only coordinate transformations of the form {E a } → {Ẽ a } are allowed in the n−dimensional manifold H defined by the Hessian metric (A12). Since the Legendre transformations involve 2n + 1 coordinates, they cannot be applied in the n−dimensional manifold H and, therefore, we need to introduce a (2n + 1)−dimensional manifold T H with metric G H and coordinates Z A such that ϕ * (G H ) = g H . A straightforward computation shows that the metric
induces the Hessian metric (A12), but it is not Legendre invariant. In this sense, we say that Hessian metrics do not preserve Legendre invariance.
Finally, let us consider the question about the uniqueness of the Legendre invariant metrics G I/II and G III used in GTD. In all the cases, the first term contains the fundamental 1-form Θ = dΦ − δ ab I a dE b which, according to Darboux theorem, is defined modulo an arbitrary nonzero multiplicative function f = f (Z A ), i.e., Θ and f Θ are equivalent. In this sense, the GTD-metrics of the phase space are not unique. However, this arbitrariness does not influence the thermodynamic metric g = ϕ * (G) because due to the property ϕ * (f Θ) = f ϕ * (Θ) = 0, the function f does not appear in the thermodynamic metric. Furthermore, the second term of the GTD-metrics can also be multiplied by a nonzero Legendre invariant function Λ = Λ(Z A ). However, if we impose the additional physical condition that the curvature of the equilibrium space vanishes in the case of a thermodynamic system with no thermodynamic interaction (more details will be given in Appendix B), then Λ is reduced to a constant which can be set equal to one, without loss of generality. In this sense, all the metrics we use in GTD for the equilibrium space are unique. This is shown explicitly in the case of the final expression for the metric g II , given in Eq. (20), which we use in GTD to describe black holes.
Appendix B: Curvature and thermodynamic interaction
The idea of using curvature as a measure of interaction is due originally to A. Einstein.
In general relativity, the curvature of the 4-dimensional spacetime manifold represents the gravitational interaction. If no gravitational interaction exists, the spacetime is flat. The same idea has been shown to be true also in the case of the electromagnetic, weak and strong interactions (gauge interactions) which are determined by the curvature of a different higher-dimensional manifold (a principal fiber bundle). This means that all the fundamental interactions known in Nature have a geometric description in which the curvature is a measure of the interaction (see, for instance, [38] ). By analogy, one of the goals of GTD is to propose a geometric description of thermodynamics in which the corresponding curvature represents the effective thermodynamic interaction. To this end, we use Legendre invariance as a guidance principle. This idea is based again on the known properties of field theories. Indeed, to construct general relativity, Einstein used the diffeomorphism invariance whereas gauge field theories are based upon the gauge invariance. In each case, the invariance correspond to transformations which leave invariant the properties of the underlying theory. Accordingly, in GTD we propose to use Legendre invariance as a guidance principle because equilibrium thermodynamics is Legendre invariant. This is the geometric intuitive approach we have been using in GTD to interpret the thermodynamic as representing the thermodynamic interaction. This approach has been presented with some detail in [39] . A more physical approach based upon the interpretation of the thermodynamic metrics used in GTD as the second moment of the fluctuations of a new thermodynamic potential will be mentioned in Appendix C.
As mentioned in Appendix A, the GTD-metrics were obtained by applying the condition of Legendre invariance in a mathematically consistent way, i.e., by introducing the thermo-dynamic phase space T . However, in order to take into account the above condition that the curvature of the equilibrium space represents the thermodynamic interaction, we must demand that in the particular case where no interaction is present (ideal gas), the curvature vanishes. This is therefore an additional physical condition that must be imposed on the GTD-metrics and, in fact, a straightforward computation shows that this is true for the metrics presented in Appendix A. This means that the equilibrium space of the ideal gas must be flat; a detailed analysis of this case was performed in [40] .
Thus, we see that the GTD-metrics are not only Legendre invariant, but they also satisfy the physical condition of leading to flat equilibrium spaces when thermodynamic interaction is lacking. In fact, these two conditions were used in the original formulation of GTD [12] to select viable metrics. More recently, by using a group theoretical approach based upon infinitesimal Lie symmetries, the most general metric (with n = 2) was obtained which is invariant under the action of infinitesimal Legendre transformations [26] . However, this general metric does not satisfy the physical condition of leading to a flat equilibrium manifold in the case of the ideal gas, i.e., it cannot be used in GTD. To show this, let us consider the general metric obtained in Eq. (33) of Ref. [26] which, using the conventions and notations of the present work, can be written as
where the function Ω = Ω(E 1 , E 2 , I 1 , I 2 ) is nonzero and invariant under infinitesimal Legendre transformations. The induced metric of the equilibrium space reads
with
Here we have used the condition ϕ
If we now consider the fundamental equation for an ideal gas, which in the entropy representation is essentially Φ = S = ln U + ln V + const. with U = E 1 and V = E 2 , it can be shown that there is no function Ω that leads to a zero curvature tensor for E. In other words, the equilibrium space constructed from the metric G inf for an ideal gas is not flat; therefore, G inf cannot be used in GTD. In fact, the GTD-metrics G I/II and G III are by no means related to G inf .
Finally, let us notice that the results presented in Ref. [26] support the results obtained in GTD. Indeed, the main result of Ref. [26] is that the most general metric which is invariant under infinitesimal Legendre transformations does not lead to a flat equilibrium space for the ideal gas. Therefore, to reach this physical goal, it is necessary to use non-infinitesimal (discrete) Legendre transformations, and this is exactly what we have been doing in GTD.
Appendix C: On the physical significance of the GTD-metrics
In this appendix, we investigate the question about the physical significance of the metrics obtained in GTD under the condition of Legendre invariance and that the thermodynamic curvature is a measure the thermodynamic interaction. To this end, we will consider the main conceptual ideas of classical thermodynamic fluctuation theory [41] . Suppose the equilibrium state of a thermodynamic system is determined by the fundamental equation 
If we choose H as the total entropy of the Universe S and recall that it reaches a maximum at equilibrium, i.e., ∂S/∂E a = 0, then the second moment of the fluctuation is essentially
given by the components of the Ruppeiner metric [10] . This important result provides
Ruppeiner metric with a clear physical significance, and permits to find the connection with information geometry. It is also important to note that in this case the coordinates must correspond to conserved quantities in order for the first derivative to vanish and for the Hessian to determine the components of the thermodynamic metric. This is, of course, not always the case. For instance, if we have a look at the thermodynamic metrics g, induced by the Legendre invariant metrics G, in the entropy representation, it is easy to see that their components do not correspond to the second moment of the entropy fluctuations.
Nevertheless, we will now briefly show that it is possible to introduce new coordinates in the phase space such that the thermodynamic metrics can be interpreted in terms of the second moment of the fluctuations of a different thermodynamic potential.
Let us first notice that all the GTD-metrics given in Eqs.(A9) and (A10) can be rewritten 
The only condition to be imposed is that the Jacobian of the transformation is different from zero. This procedure is similar to the one we mentioned for the Minkowski metric in Appendix A, namely, once the Minkowski metric is fixed as (A1) in order to be Lorentz invariant, we can perform any coordinate transformation, for instance (A4), without changing the geometric properties of the Minkowski spacetime.
Applying the above coordinate transformation to the second term of G, i. 
This is then the line element of the phase space T in the new coordinatesZ A . Let us consider the corresponding equilibrium space E by means of the embedding mapφ : E → T which is defined by the conditionφ * (dF − Y a dX a ) = 0. Then, the thermodynamic metricḡ =φ * (Ḡ)
induced in E can be expressed as
We see that this metric contains first and second-order derivatives of the new coordinate F (X a ). Moreover, it depends on n + 1 arbitrary functions f 0 and f a . Once we specify a function F (X a ), the metric can be calculated explicitly. This means that F (X a ) plays the role of fundamental equation in the new coordinates. Let us also demand that F (X a )
reaches an extremum value at equilibrium, i.e., ∂F/∂X a = 0. Then, at each point of the equilibrium space the metricḡ reduces tō
If we now consider the infinitesimal fluctuations dX a of the potential F around an equilibrium state E a , we obtain
We conclude that the components of the GTD-metrics in the equilibrium space can be interpreted as the second moment of the fluctuation of the new thermodynamic potential F .
The above analysis shows that it is possible to relate the GTD-metrics with fluctuation theory. Moreover, we have shown that GTD allows us to construct new thermodynamic potentials other than those that are usually constructed in classical thermodynamics by means of Legendre transformations. The physical significance of the new potential F , however, is not clear. We believe that it is necessary to construct new potentials for specific thermodynamic systems in order to investigate their physical meaning. In this brief comment, we only presented a brief scheme of the mathematical proof of the existence of new thermodynamic potentials. We will present a more detailed analysis elsewhere [42] .
Probably, this result will also allow us to interpret the thermodynamic curvature as a measure of the thermodynamic interaction by using a more physical approach. Indeed, the
